The logical foundations of processes handling uncertainty in information use some classes of algebras as algebraic semantics. The sets of provable formulas in corresponding inference systems from the point of view of uncertain information can be described by fuzzy filters of those algebraic semantics. Bounded residuated lattice ordered monoids (R -monoids) are a common generalization of pseudo BL-algebras (and consequently of pseudo M V -algebras) and Heyting algebras, i.e., algebras behind fuzzy and intuitionistic reasoning. In the paper we introduce and investigate fuzzy filters of bounded R -monoids and fuzzy prime filters of pseudo BL-algebras.
Introduction
As it is known, an important task of the artificial intelligence is to make the computers simulate human being in dealing with certainty and uncertainty in information. Logic gives a technique for laying the foundations of this task. While information processing (i) (M ; , 1) is a monoid (need not be commutative).
(ii) (M ; ∨, ∧, 0, 1) is a bounded lattice. (iii) x y ≤ z iff x ≤ y → z iff y ≤ x z for any x, y ∈ M . (iv) (x → y) x = x ∧ y = y (y x).
Recall that the lattice (M ; ∨, ∧) is distributive and that bounded R -monoids form a variety of algebras of the indicated type. Moreover, the bounded R -monoids can be recognized as bounded integral generalized BL-algebras in the sense of [2] and hence it is possible to prove that the operation " " distributes over the lattice operations "∨" and "∧".
In what follows, by an R -monoid we will mean a bounded R -monoid. For any R -monoid M we define two unary operations (negations) " − " and " ∼ " on M such that x − := x → 0 and x ∼ := x 0 for every x ∈ M . Now we can characterize algebras of the above mentioned propositional logics in the class of R -monoids.
An R -monoid M is a) a pseudo BL-algebra ( [18] ) if and only if M satisfies the identities of pre-linearity (x → y) ∨ (y → x) = 1 = (x y) ∨ (y x); b) a pseudo M V -algebra (GM V -algebra) ( [23] ) if and only if M fulfils the identities
c) a Heyting algebra ( [25] ) if and only if the operations " " and "∧" coincide on M .
If the operation " " is commutative then an R -monoid is called commutative. Recall that in such a case the implications "→" and " ", as well as the negations " − " and " ∼ ", respectively coincide. Then commutative pseudo BL-algebras are precisely BL-algebras and commutative pseudo M V -algebras coincide with M V -algebras.
Lemma 2.1 [24, 7] In any bounded R -monoid M we have for any x, y ∈ M :
Further properties of filters follow from [2] and [15] .
It is possible to show that H ⊆ M is a filter of M iff H is a deductive system of M iff H satisfies (1) and for each x, y ∈ M
Denote by F(M ) the complete lattice (with respect to the order by set inclusion) of filters of M . Note that infima in F(M ) coincide with intersections. It is known ( [19] ) that F(M ) is a complete Heyting algebra and hence G ∩ i∈I
If X ⊆ M , denote by F il(X) the filter of M generated by X. For X = ∅, we have F il(∅) = {1}. If X = ∅ then F il(X) = {y ∈ M : y ≥ x 1 · · · x n for some x 1 , . . . , x n ∈ X, n ≥ 1}. A fuzzy set ν in an R -monoid M is called a fuzzy filter of M if for any x, y ∈ M it is satisfied:
By (f2), it follows immediately that 4 (f3) ν(1) ≥ ν(x) for every x ∈ M . Lemma 3.1 Let ν be a fuzzy filter of an R -monoid M . Then it holds for any x, y ∈ M :
Proof. For any x, y ∈ M we have x y ≤ x ∧ y ≤ x ∨ y. Then by (f2) and (f1),
Theorem 3.2 A fuzzy set ν in an R -monoid M is a fuzzy filter of M if and only if it satisfies (f1) and
Conversely, if ν satisfies (f1) and (f4), and x ≤ y, then ν(y) = ν(x ∨ y) ≥ ν(x). Hence ν is a fuzzy filter of M . (1) ν is a fuzzy filter of M .
(2) ν satisfies (f3) and for all x, y ∈ M ,
( * ) (3) ν satisfies (f3) and for all x, y ∈ M ,
Proof.
(1) ⇒ (2): Let ν be a fuzzy filter of M and x, y ∈ M . Then, by Lemma 3.1(iii),
(2) ⇒ (1): Let ν be a fuzzy set in M satisfying (f3) and ( * ). Let x, y ∈ M, x ≤ y.
Further, since x ≤ y → (x y), by ( * ) and (f2) we get ν(x y) ≥ ν(y) ∧ ν(y → (x y)) ≥ ν(y) ∧ ν(x). Therefore (f1) is also satisfied and hence ν is a fuzzy filter of M .
(1) ⇔ (3): Analogously. Let F be a subset of M and α, β ∈ [0, 1] such that α > β. Define a fuzzy subset
In particular, ν F (1, 0) is the characteristic function χ F of F . We will use the denotation
Theorem 3.4 Let F be a non-empty subset of an R -monoid M . Then the fuzzy set ν F is a fuzzy filter of M if and only if F is a filter of M .
Proof. Let M be an R -monoid and
, hence ν F (y) = α, and so y ∈ F . Therefore F is a filter of M .
Let ν be a fuzzy set in an R -monoid M . Denote by M ν the set
That means M ν is a filter of M .
The converse implication to that from Theorem 3.5 is not true in general, even for pseudo M V -algebras, as it was shown in [8, Example 3.9].
Let ν be a fuzzy set in M and α ∈ [0, 1]. The set
is called the level subset of ν determined by α.
Note that from this point of view, M ν = U (ν; ν(1)), hence M ν is a special case of a level subset of M . Proof. Let ν be a fuzzy filter and α ∈ [0, 1] such that U (ν; α) = ∅. Assume x, y ∈ U (ν; α), then ν(x), ν(y) ≥ α, thus ν(x y) ≥ ν(x)∧ν(y) ≥ α. Hence x y ∈ U (ν; α). Consider x ∈ U (ν; α), y ∈ M and x ≤ y. Then α ≤ ν(x) ≤ ν(y), therefore y ∈ U (ν; α). Consequently, U (ν; α) is a filter of M .
Conversely, let us suppose that for every α
is not a filter of M , a contradiction. Therefore (f1) holds.
Finally, let x, y ∈ M and x ≤ y. Let us assume that ν(x) > ν(y). Taking γ = (ν(x) + ν(y)) we obtain ν(x) > γ > ν(y), therefore x ∈ U (ν; γ) and y / ∈ U (ν; γ), a contradiction. Hence (f2) is fulfilled. From the above it follows that ν is a fuzzy filter of M .
Theorem 3.7 Let ν be a fuzzy subset in an R -monoid M . Then the following conditions are equivalent.
(1) ν is a fuzzy filter of M .
(2) ⇒ (1): Let a fuzzy set ν in M satisfy the condition (2) . Let x, y ∈ M . Since
Further, since (x → y) → (x → y) = 1 we get ν(y) ≥ ν(x → y) ∧ ν(x), thus ν satisfies ( * ), that means, by Theorem 3.3, ν is a fuzzy filter of M .
(1) ⇔ (3): Analogously.
Corollary 3.8 A fuzzy set ν in an R -monoid M is a fuzzy filter of M if and only if for all x, y, z ∈ M, x y ≤ z implies ν(z) ≥ ν(x) ∧ ν(y).
Corollary 3.9 A fuzzy set ν in an R -monoid M is a fuzzy filter of M if and only if for any x, a 1 , . . . , a n ∈ M, a 1 · · · a n ≤ x implies ν(x) ≥ ν(a 1 ) ∧ · · · ∧ ν(a n ).
For any fuzzy sets ν i (i ∈ I) in M we define the fuzzy set i∈I ν i in M as follows: Proof. Let M be an R -monoid, ν i be a fuzzy filter of M for any i ∈ I and ν = i∈I ν i .
Suppose that x, y, z ∈ M are such that x → (y → z) = 1. Then by Theorem 3.7,
therefore by Theorem 3.7, ν is a fuzzy filter of M .
Corollary 3.11
The set FF(M ) of fuzzy filters of an R -monoid M is a complete lattice in which infima coincide with intersections of fuzzy filters.
Let ν be a fuzzy set in an R -monoid M . Then the intersection of all fuzzy filters of M containing ν is called the fuzzy filter of M generated by ν, denoted by F F il(ν).
In two next theorems we give two descriptions of F F il(ν) which generalize analogous results from [16] and [8] concerning fuzzy ideals of pseudo M V -algebras. Then ν * = F F il(ν).
for each n ∈ N. Thus for every n ∈ N there is γ n ∈ {α ∈ [0, 1] : x ∈ F il(U (ν; α))} such that γ n > β n . Hence x ∈ F il(U (ν; γ n )) for every n ∈ N. That means x ∈ n∈N F il(U (ν; γ n )).
Moreover, let x ∈ n∈N F il(U (ν; γ n )), i.e. γ n ∈ {α ∈ [0, 1] : x ∈ F il(U (ν; α))} for each n ∈ N. Then β n < γ n ≤ {α ∈ [0, 1] : x ∈ F il(U (ν; α))} = ν * (x), for every n ∈ N. Thus β ≤ ν * (x), and hence x ∈ U (ν * ; β). Therefore we get U (ν * ; β) = n∈N (F il(U (ν; γ n )) ∈ F(M ), and hence, by Theorem 3.6, ν * is a fuzzy filter of M . Let x ∈ M and let β ∈ {α ∈ [0, 1] : x ∈ U (ν; α)}. Then x ∈ U (ν; β), and thus x ∈ F il(U (ν; β)). Hence β ∈ {α ∈ [0, 1] : x ∈ F il(U (ν; α))}, therefore {α ∈ [0, 1] : x ∈ U (ν; α)} ⊆ {α ∈ [0, 1] : x ∈ F il(U (ν; α))}. From this we get
thus ν ≤ ν * . Now, let τ be a fuzzy filter of M containing ν. Let x ∈ M and ν * (x) = β. Then
, thus x ∈ F il(U (ν; γ n )) for every n ∈ N. Hence x ≥ y 1 · · · y k for some y 1 , . . . y k ∈ U (ν; γ n ), and so by Lemma 3.1,
for every n ∈ N, and since n ∈ N is arbitrary, we get τ (x) ≥ β = ν * (x), that means ν * ≤ τ .
Theorem 3.13 Let ν be a fuzzy set in an R -monoid M . Put
for any x ∈ M . Thenν = F F il(ν).
Proof. Obviouslyν (1) ≥ν(x) for any x ∈ M , henceν satisfies (f3). Let x, y ∈ M and let there exist
Hence we haveν(y) ≥ν(x) ∧ν(x y), therefore by Theorem 3.3,ν is a fuzzy filter of M . Furthermore, x ≥ x x, thusν(x) ≥ ν(x) ∧ ν(x) = ν(x) for every x ∈ M , hence ν ≤ν. Now, let τ be a fuzzy filter of M such that ν ≤ τ . Then
by Corollary 3.9. Thereforeν ≤ τ , that meansν = F F il(ν).
Fuzzy prime filters of pseudo BL-algebras
Let ν be a non-constant fuzzy filter of an R -monoid M . Then ν is called a fuzzy prime filter of M if for any x, y ∈ M ,
In this section we will focus on fuzzy prime filters of pseudo BL-algebras.
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Theorem 4.1 Let M be a pseudo BL-algebra and let ν be a non-constant fuzzy filter of M . Then the following conditions are equivalent.
(1) ν is a fuzzy prime filter of M .
(2) ∀x, y ∈ M ; ν(x ∨ y) = ν(1) =⇒ ν(x) = ν(1) or ν(y) = ν(1).
(1) ⇒ (2): Let ν be a fuzzy prime filter of M, x, y ∈ M and ν(x ∨ y) = ν(1).
(Note that this implication is true for an arbitrary R -monoid.) (2) ⇒ (3): Let ν be a non-constant fuzzy filter of M satisfying (2). Since M is a pseudo
(3) ⇒ (1): Let a non-constant fuzzy filter ν of M satisfy (3). Let x, y ∈ M and ν(x → y) = ν(1). We have
Therefore ν is a fuzzy prime filter of M .
(1) ⇔ (4): Analogously.
Let F be a proper filter of a pseudo BL-algebra M . Then F is called prime [5] if for all x, y ∈ M, x ∨ y ∈ F implies x ∈ F or y ∈ F . By [5, Proposition 4.25], a proper filter F of M is prime iff x → y ∈ F or y → x ∈ F , for all x, y ∈ M , iff x y ∈ F or y x ∈ F , for all x, y ∈ M . Theorem 4.2 If M is a pseudo BL-algebra and F is a filter of M , then F is a prime filter of M if and only if ν F is a fuzzy prime filter of M .
Proof. Let F be a prime filter of M . Since F is a proper filter, ν F is non-constant. Let
. Therefore by Theorem 4.1, ν F is a fuzzy prime filter of M .
Conversely, let ν F be a fuzzy prime filter of M . Then, also by Theorem 4.1, F is a prime filter of M . 
Conversely, let ν be a fuzzy filter of M such that the filter M ν is prime in M . (Then ν is non-constant.) If x, y ∈ M , then (x → y) ∨ (y → x) = 1 ∈ M ν , thus x → y ∈ M ν or y → x ∈ M ν , hence ν(x → y) = ν(1) or ν(y → x) = ν(1). That means, ν is a fuzzy prime filter of M . Proof. Let ν be a fuzzy prime filter of M . If α ∈ [0, 1] and U (ν; α) = ∅, then by Theorem 3.6, U (ν; α) is a filter of M . Let U (ν; α) be a proper filter of M and let x, y ∈ M . If x ∨ y ∈ U (ν; α), then ν(x ∨ y) = ν(x) ∨ ν(y) ≥ α, hence ν(x) ≥ α or ν(y) ≥ α, and so x ∈ U (ν; α) or y ∈ U (ν; α). That means, U (ν; α) is a prime filter of M .
Conversely, let ν be a non-constant fuzzy set in M such that for every α ∈ [0, 1], if U (ν; α) = ∅, then U (ν; α) is a prime filter of M . Let x, y ∈ M and let ν(x∨y) > ν(x)∨ν(y), i.e. ν is not a fuzzy prime filter of
is not a prime filter of M , a contradiction. Therefore ν is a fuzzy prime filter of M . 
. Hence τ is a fuzzy prime filter of M . Theorem 4.6 If M is a non-trivial pseudo BL-algebra, then the following conditions are equivalent.
(1) M is linearly ordered.
(2) Every non-constant fuzzy filter of M is a fuzzy prime filter of M . Let χ {1} be a fuzzy prime filter of M and let x, y ∈ M . Then χ {1} (x → y) = χ {1} (1) = 1 or χ {1} (y → x) = 1, thus x → y ∈ {1} or y → x ∈ {1}, i.e. x → y = 1 or y → x = 1. Therefore x ≤ y or y ≤ x. Theorem 4.7 Let ν be a fuzzy prime filter of a pseudo BL-algebra M and α ∈ [0, ν(1)). Then the fuzzy set ν ∨ α in M such that (ν ∨ α)(x) = ν(x) ∨ α is a fuzzy prime filter of M .
Proof. Let ν be a fuzzy prime filter of M and α ∈ [0, ν(1)). Let x, y, z ∈ M . If z ≥ x y (that means x → (y → z) = 1), then by Lemma 3.1,
therefore by Theorem 3.7, ν ∨α is a fuzzy filter of M . Since ν is not constant and α < ν(1),
Moreover, (ν ∨ α)(1) = ν(1) and ν ≤ ν ∨ α, therefore by Theorem 4.5, ν ∨ α is a fuzzy prime filter of M . Denote α := sup{ν(x) : x ∈ M \ F } and suppose ν(1) = 1. Then α ≤ ν(1) < 1. Therefore by Theorem 4.7, τ = χ F ∨ α is a fuzzy prime filter of M satisfying ν ≤ τ .
Concluding remarks
The logical foundations of processes that handle various kinds of uncertainty in information use certain classes of algebras as algebraic semantics. Among others, the class of commutative bounded residuated lattice ordered monoids (R -monoids) contains various classes of algebras behind the fuzzy logic, such as M V -algebras and BL-algebras, as well as the class of Heyting algebras, i.e. algebras of the intuitionistic logic. Hence commutative bounded R -monoids can be taken as an algebraic counterpart of a logic which is a generalization of Hájek's basic fuzzy logic and the intuitionistic logic. Bounded R -monoids, in which the multiplication (conjunction) need not be commutative, are generalizations of both commutative R -monoids and pseudo BL-algebras, i.e. algebras of the non-commutative basic fuzzy logic (and consequently of pseudo M V -algebras = GM V -algebras, i.e. algebras of the non-commutative Lukasiewicz logic). Recall that non-commutative logics not only reflect the human reasoning which need not be strictly commutative, but they are also used in concurrent programming languages. The sets of provable formulas in corresponding inference systems are described by filters, and from the point of view of uncertain information, by fuzzy filters of algebraic semantics. Moreover, the properties of the sets of filters have a strong influence on the structure properties of bounded R -monoids. In the paper we have described the fuzzy variants of filters and prime filters of bounded R -monoids and, particularly, of pseudo BL-algebras.
